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ABSTRACT 

The classical order parameters for the M = 2 supersymmetric SU{N) gauge theory 
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I. INTRODUCTION 


It has been known for a long time that the elliptic Calogero-Moser system 

Pi^Xi, pi=m^'Y^p'{xi-Xj), ( 1 - 1 ) 

is completely integrable, in the sense that it admits a Lax pair of operators L{z), M{z) 
with a spectral parameter z [1], Here p{z) is the Weierstrass p-fnnction on a hxed torns 
E = C/(2c<;iZ + 2 U 2 Z) of modnlns r = The spectral cnrves 

T = {{k,z); det{kl - L{z)) = 0}, (1.2) 


form an N-dimensional family of branched covers of the torns E. More recently, in con¬ 
nection with Seiberg-Witten solntions of fonr-dimensional SU{N) snpersymmetric gange 
theories [2-5], we have fonnd that the spectral cnrves (1.2) admit a natnral parametrization 
of the form [5] 


det (a/ — L{z)) 


k=X-\-mhi (z) 


(1.3) 


where H{k) = n^i(^ ~ ^i) ^ monic polynomial of degree N, and the shift hi{z) is 

given by hi{z) — log From the point of view of fonr-dimensional gange 

theories, the zeroes ki of H{k) have a very compelling interpretation: they are the classical 
order parameters of the theory (c.f. (1.5) in [5]). From the point of view of Calogero- 
Moser systems, they are by constrnction integrals of motion of the system. However, the 
derivation of H{k) in [5] did not provide explicit expressions for the kiS in terms of the 
Calogero-Moser dynamical variables {xi^pi). The goal of the present paper is to solve this 
problem. In the process, we also hnd an intrigning link between Calogero-Moser systems 
and free fermions on a torns E. 


To state the main resnlt, we reqnire the following notation. Let (Jm{ki, ■ ■ ■, kjsi) = 
(Jmik) be the m-symmetric fnnction of the kiS, as in 

N N 

H{k) = l[{k -h) = J2 , few) (1.4) 

i=l m=0 

Let (Jmip) be the m-symmetric fnnction of the momenta pds, 1 < i < N. If S' is any snbset 
of {1, 2, ■ ■ ■, N} consisting of |S| nnmbers, we denote by (Jmips) the m-symmetric fnnction 
of PS = {pf, i G S}, for any integer m with m < |S|. The complement of S in {1, 2, ■ ■ ■} 
is denoted by S*. If S consists of only two elements and f{x) is an even fnnction. 
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we shall often write f{S) for f{xi — xj). All subsets S, ps are unordered, unless stated 
explicitly otherwise. Finally, it is convenient to introduce the following modihcation of the 
Weierstrass p-function 

p(0) (^z) ^ p{z) + —. (1.5) 

Ui 

Here, rji and 772 are the periods dual to ui and U 2 - Observe that (^) —*> 0 as g —0 and 
z ^ 00 . Then 

Main Theorem. The order parameters ki, 1 < i < N, of the gauge theory are related to 
the Calogero-Moser dynamical variables {xi,pi) by the following relations. For any integer 
K with 0 < K < N, we have 


axih) 


lK/2] 

(^k{p) + 

1=1 


\SinSj\=25ij i=l 


( 1 . 6 ) 


As mentioned earlier, this theorem is partly motivated by current investigation of 
M = 2 supersymmetric four-dimensional gauge theories [6-7]. The Wilson effective action 
of such theories is dictated by the spectral curves of integrable models (see e.g. [8-10] for 
reviews). But it is still unclear whether the dynamical variables of the integrable models 
have any direct interpretation in the context of gauge theories. The preceding theorem 
can be viewed as a step in addressing this question. 

In another direction, spectral curves have recently been obtained for elliptic Calogero- 
Moser systems dehned by general Lie algebras Q [11-13] and supersymmetric Q gauge 
theories with matter in the adjoint representation [11-15]. However, except in the case of 
Dn [13] (see also [15]), a convenient parametrization such as (1.3) is still not available. Such 
a parametrization is for example particularly valuable in evaluating instanton corrections to 
the prepotential [5]. It is conceivable that a deeper understanding of the order parameters 
ki in the above SU(N) case, as well as the elliptic function identities found in the present 
paper, may shed light on this issue. 

Finally, we mention some related problems in the theory of integrable models proper. 
The symplectic structure of Calogero-Moser systems is attracting considerable attention 
[16-17]. The integrals of motion (1.6) may be relevant to the well known problem of 
constructing i?-matrices for Calogero-Moser systems (c.f. [18-19]). They may also be of 
interest in the rational and trigonometric cases [20]. In particular, in the trigonometric 
case, the gauge order parameters ki have been useful in the study of Toeplitz determinants, 
symplectic volumes, and thermodynamic limits [21]. 
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II. MAIN IDENTITIES AND PROOF OF THE THEOREM 


We divide the proof of the Main Theorem into several steps. 

(I) In the hrst step, the dehning identity (1.3) for the integrals ki is rewritten in terms 
of determinants D{S) similar to det L{z), bnt with all diagonal entries set to 0. More 
precisely, recall that the Lax pair L{z), M{z) for the elliptic Calogero-Moser system is 
given by [1] 


Lij{z) = pi5ij - m(l - dij)^{xi - Xj, z), 

Mij{z) = m5ij ^ p{xi - Xk) + m(l - 5ij)^'{xi - xj, z) (2.1) 

k^i 


with 


$(a:, z) 


a{z)a{x) ’ 


( 2 , 2 ) 


Here cr(z), ^( 2 ;) are the nsnal Weierstrass elliptic fnnctions (c.f. Erdelyi [22]). Let S = 
{q;(1), Q((2), ■ ■ ■, a{K)} be a snbset of {1, 2, ■ ■ ■, N} with \S\ = K (distinct) elements. We 
dehne D{S) to be the following K x K determinant 


D{S) 


det 


(1 ^ij) (^(^Q?(i) ^a(j)7^) 


(2.3) 


There is no ambignity in this dehnition since the right hand side of (2.3) is independent of 
the ordering of S. The identity (1.3) is then eqnivalent to 

1 <n < N, (2.4) 

p+q=N—n ^ \S\+l=N—n 

In these identities the snmmation on the right hand side is over all snbsets 5'of{l,2,---,A} 
and the fnnctions Ak{z) are given explicitly in terms of fnnctions 


K 


Ak{z) = 


n=0 


K 


n 


{-)'^hn{z)hi{z) 


K-n 


^n(^) 




To establish (2.4), we note that 


N 




n=0 


(2.5) 


(2.6) 
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Substituting in /c = A + mhi{z) and expanding at A, we find 




Hik) 


-EE- 

k=X+mhi{z) n=0 q=o 
N 

= E 


n\q\ 


K=0 


K\ 


(2.7) 


In terms of cTp(/c), the polynomials are just given by 

N-K , 


p=0 


{N-K-p)l 


( 2 . 8 ) 


This implies that the right hand side of (1.3) can be rewritten as 


- m-§^)\r) 




-Hik) 


N 


“E-'" E 

k=X-\-mhi{z) n=0 p+q=N-T 


n + q 


n 




(2.9) 

On the other hand, the determinant det(A/ — Liz)) on the left hand side of (1.3) can be 
expanded as 


N 


det(A/- L(z)) = ^ ^ [ JJ (A - pi)]D(^) 

K=0 \S\=K ieS* 


( 2 , 10 ) 


Evidently, 


N-K 

iES* 1=0 


N-K-l 


SO that the left hand side of (1.3) becomes 

N N-n 


det(\I - L(z)) = E E 


m 


N-l-n 


E (-)V,(ps.)B(S). (2,11) 


n=0 1=0 \s\=N-l-n 

Comparing (2.9) with (2.11) gives the desired identities (2.4). 


(II) The second step in the proof of the main theorem consists of, in a sense, separat¬ 
ing in the determinant 0(3) the dependence on the insertion points G S from the 

dependence on the spectral parameter z. More precisely, we can write 

[K/2] I 

D(S) = E E (2-12) 

1=0 \SinSj\=2Sij i=l 
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where — x^) if Si = {a, 6} is the convention introdnced in Section 1. To 

describe the coefficients Bm{z), it is convenient to introdnce the notation 


n G N. 

Then the coefficients Bk{z) can be expressed as 


(2.13) 


Bk{z) = (-) 


K 


E 

-fC—2Z/2+3Z/3 + - 


E oo 

n = 2 


(-) 


K\ 


nr=2(^n!)nr=2( 


ni 


lUr. 




n=2 


(2,14) 

The proof of the identity (2.14) is the lengthiest part of onr argnment, and we postpone 
it nntil Section III. 


(Ill) The third step in the proof of the Main Theorem is to show that the coefficients 
Ak{z) and Bk{z) are actnally eqnal 


Ak{z)=Bk{z), K = 1,2,3,---. 


(2.15) 


Evidently, Ai(z) = Bi{z) = 0, while ^ 2 ( 2 ) = ^ 2 ( 2 ) — hi{z)‘^ and B 2 {z) — —p^^\z). Since 
the Weierstrass a-fnnction and the Jacobi ^I-fnnction are related by 


’ll -2 “di ( 
a[z) = 2 ( 2 ;ie 2 “i 


2 : 

2lo\ 


T 


^i;(o|t) 


p(z) = -d^ loga(z) = - dl log^Ii(^|T) 

Cell lUi 


(2.16) 


we also have ^ 2 ( 2 ) = B 2 {z). It snfiices then to show that both the A^izYs and the 
BxizYs obey the same two-step reenrsive relation 


Ak+i{z) = -A'j^{z) - Kp^^\z)Ak-i 

Bk+i{z) = -B'k{z) - Kp^^\z)Bk-i (2.17) 


for K > 2. The reenrsive relation for Ak+i{z) is easily established by differentiating 
Ak{z), and nsing the fact that 

Ki^) = -hn{z)hi{z) + hn+i{z), 

h[{z) = -hi{zf + h2{z) = -p^^\z). 


To establish the reenrsive relation for Bk{z), we define Bq{z) to be 1, introdnce an addi¬ 
tional variable y, and consider the generating f un ction 


Bk{z) k 

2^ —fT^y = exp 


K=0 


K\ 


E 

'-n=2 


(-) 


n-|-l 


n\ 


-P 


(n-2) 




(2.19) 
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Differentiating with respect to y gives a recnrsive relation for Bx+i{z) 


n=l ^ 


while differentiating with respect to 2 ; gives a recnrsive relation for 


n=2 ' 


( 2 . 20 ) 


( 2 . 21 ) 


Comparing (2.20) with (2.21) gives the desired recnrsive relation (2.17). The identity 
= Bk{z) is established. 


(IV) With the identities (I-III), we can now prove the theorem. We £x integers N and n, 
with n < N. The snm in the right hand side of (2.4) is over all snbsets S of {1, 2, • • •, V}. 
Setting [S'! = iC and nsing (II) and (HI), we can express it as 

N—n 

(JN-n-KiPs*) Aq{z) Y 

K=0 S,|5|=K q+2j=K \SinS^\=2S^j 

SiCS 

( 2 . 22 ) 

Introdnce the index p = N — n — q (not to be confnsed with the Calogero-Moser momenta!). 
Then the order of snmmations in (2.22) can be interchanged to prodnce 

N-n [p/2] 

Y'm'^M^)i-VY Y Y (2.23) 

q=0 j=0 S,|S|=g+2j \SinSj\=2Sij 

SiCS 

However, for each j, we have the following combinatorial identity 


Y Y ■ ■ ■ p^^\Sj) 

S,\S\=q-\-2j \SinSj\= 25 ij 

SiCS 

= (”n^) Y1 (2-24) 

^ 2 |5.nsp=2(5ij 

for p — 2j > 0. In fact, by permntation invariance, the expressions on the two sides of 
(2.24) are proportional. To determine the coefficient of proportionality, we compare the 
coefficients of the term p^^'^ [xi — X 2 ) ■ ■ ■ — X 2 j)p 2 j+i ■ ■ - Pp which occnrs on both 

sides. In the snm on the right hand side of (2.24), snch a term occnrs exactly once. On the 
other hand, snch a term occnrs in the snm on the left hand side whenever we can choose 
a snbset S of size q + 2j, containing {1, ■ ■ ■, 2j}, and not containing {2j + 1, ■ ■ ■ ,p}. This 
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means that S consists of {1, • • ■, 2j}, together with q more elements in {p + 1, ■ • •, 
There are exactly 


N — p 
Q 


n + q 
Q 


n + q 
n 


(2.25) 


such choices. Thus the expression (2.23) becomes 


^ mMg(z)(-)P (2.26) 

9=0 ^ ' \SinSj\=26ij 

with p = N — n — q. Comparing with the left hand side of (2.4) gives the theorem. 


III. THE DETERMINANT D{S) AND FREE FERMIONS 


It remains to establish the identities in (II) of Section II for the determinants D{S). 
For this we need the notion of “/c-cycle”, which we now describe. Let {1, 2, • • •, /c} be any 
set of k indices, which we chose to be the hrst k integers just for notational convenience. 
Then the expression 


$12^23 ■ ■ ■ $(fc-l)A:$fcl 

= $(a:i - X2: z)^{x 2 - X 3 ,z) ■ ■■ ^{Xk-1 - Xk, z)^{Xk - Xi,z) 


(3.1) 


is a single-valued, meromorphic function of all insertion points xi, ■ ■ ■, Xk, as well as of the 
spectral parameter 2 . Here we have made use of the monodromy properties of the function 
^{x,z) as a function of x 


$(a: + 2(.c;a, z) =$(a:, 

^d^^{x-y,z) ^S{x-y) (3.2) 

(As a function of 2 , $(a:, z) is already by itself single-valued on the torus S.) It is useful 
to note that in expressions such as (3.1), the function ^{x,z) can be effectively replaced 
by < 7 ( 2 : — x)/a{z)a{x). We dehne a /c-cycle to be the sum of all inequivalent expressions 
(3.1) under permutations of the indices 1, 2, • ■ •, /c. Since (3.1) is evidently invariant under 
shifts in the indices 1, 2, ■ • •, /c, this sum corresponds to a sum over S^/Z^, where is the 
group of permutations of k elements. Equivalently, we can hx an index, say k, and write 
a /c-cycle as 

Cki.^1-) ' ' ' •) z) ^ ^ ^A:a(l)^ q?(1)q:(2) ' ' ' ^a(k — l)kj (3’3) 

Q?ESfe_i 

identifying in effect Sk/Zk with the group Sfc_i of permutations of /c — 1 elements. It is 
easy to verify that, for /c > 3, the /c-cycle Ck(xi, ■ ■ ■, Xk; z) is actually a function Ck{z) 



independent of the insertion points {xi,X 2 , ■ ■ ■ ,Xk}- Indeed, viewed as a fnnction of say 
Xi, it is meromorphic and has simple poles at the other insertion points X 2 , ■ ■ ■, Xk- The 
residnes at each of these poles however cancel ont between the varions terms in (3.2), so 
that the /c-cycle is actnally constant in each Xj. The main problem is then to determine 
the dependence on 2 ; of /c-cycles. The identity central to onr approach is the following 

Ck{z)= ^fca(l)$a(l)a(2) /c = 3, 4, ■ ■ ■ . (3.4) 

aeSfe_i 

(For k = 2 the 2-cycle is not independent of the insertion points. In fact, we have 

$ 12$21 = p{z) - p{xi - X 2 ) = p^^Hz) - p^^Hxi - X 2 ): (3.5) 

a well-known and basic identity in the theory of elliptic Calogero-Moser systems.) Post¬ 
poning for the moment the proof of (3.4), we retnrn to the stndy of the determinants 
DiS). 

Exact Formulas for D{S) 

Since the diagonal elements of the matrix D{S) all vanish, the determinant can be 
expanded as 

D[S)=Y.( — (3.6) 

a. 

where the snmmation is only over permntations a withont any hxed point. Bnt it is readily 
seen that any permntation a withont hxed point corresponds to a decomposition of the 
index set {1, 2, ■ • ■, iP} into disjoint snbsets Sj of at least two elements, in each of which 
a acts as a shift. Since the sign of a shift on N elements is the sign of a is 

where I is the nnmber of snbsets Sj. All permntations withont hxed points can 
be generated this way, by following np the decomposition of the index set into smaller sets 
Sj with permntations within each smaller set Sj. Taking these “internal” permntations 
into acconnt, the contribntion of each decomposition S ~ U^j^^Sj to the determinant (3.6) 
is a prodnct of /c-cycles 

i 

n 0‘5'jI-cycles] (3.7) 

i=i 

In view of (3.4) and (3.5), this establishes the fact that the determinant D{S) mnst be of 
the form (2.12), for some as yet complicated coefficients Bk- 2 i{z), 1 < / < [K/2]. 

To determine D{S), it snffices to determine the “constant term” Bk{z). This is 
becanse identities of the form (2.12) will be established indnctively, by examining the 
poles of both sides of the eqnation in each of the variables Xi. For example, consider the 
donble pole in the variable xi, near the valne X 2 . For the left hand side, it is 

-$12$21 X D{S \ {1, 2}) - [p^^\xi - X2) - P^^\z)] X D{S \ {1, 2}) (3.8) 
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For the right hand side, it is 


r [^/2] 

Bk-2i{z) 

- 1=1 




{xi 


SiCS\{l,2} 


X 2 ). 


(3.9) 


By induction, the expression between brackets is indeed D{S\{1, 2}). Similarly, the simple 
poles cancel. This shows that D{S) is determined up to an additive function of 2 only. 


We can derive now the explicit formula (2.14) for Bk{z). Since we are restricting our 
attention to the constant term Bk{z) in the expansion (3.6-3.7) for D{S), we can replace 
even the 2-cycles in (3.7) by p^^\z). With this simplihcation, the contribution of (3.7) to 
Bk{z) is just 

(3.10) 

j=i 

Now the exact subsets Sj themselves no longer matter, and the only relevant information 
is their size liSjl. For each partition of K into L 2 subsets of 2 elements, L 3 subsets of 3 
elements, etc. 

00 

K = 21^2 31^3 + 41^4 + • • • = ^ ^ (3.11) 

n=2 


the expression (3.10) becomes 

oo 

n (3,12) 

n=2 


Now the number of ways of selecting L (unordered) sets of n elements each from an 
ensemble of N elements is 

1 N\ 

(3,13) 


L\ {nt)‘-{N - niy: 

Thus the total number of terms of the form (3.12) is 


1 TV! 1 (TV- 2 L 2 )! 1 {N-2L2-3Ls)1 

T^l (2!)^2(iV-2L2)! ^ T^\ ( 3 !)^ 3 (iV- 2 L 2 -3L3)! ^ I4 ( 4 !)^ 4 (iV - 2L2 - 3L3 - 4L4)! ^ 

TV! 

■ ■ ■ ■ 

Altogether, this establishes the formula (2.14). 


Free Fermions and k-Cycles as Feynman Diagrams 

Finally, we turn to the proof of the fundamental identity (3.4). The main idea is to 
view fc-cycles Ck{xi, ■ ■ ■ ,Xk', z) as the one-loop amplitude in a theory of free fermions with 
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twisted boundary conditions on a torus and fermion propagator — y^z). Here 2 : is 
viewed as a fixed parameter. 

First, since Ck{xi, ■ ■ ■, Xk', z) is independent of Xi anyway, we may just as well integrate 
each Xi over the torus E with area T 2 , 


Ck(z) = 


(Pxi 


It. T2 

= {k-l)\ 


f d'^Xk 

It ^2 


Ckixi,---,Xk;z) 


f d^xi 

It ^2 


f d?Xk 

It ^2 


$(a;i -X2:z)--- ^{xk -xi,z) 


(3.15) 


where the factor (/c — 1)! comes out since integration in each variable automatically takes 
care of symmetrization. In this integrated form, the one-loop amplitude Ck{z) has an even 
simpler interpretation, which we now develop. Starting from the free massless fermion 
propagator, 

^{x-y,z), (3.16) 

we may construct the “full” propagator of a fermion in the presence of a constant (back¬ 
ground) gauge potential with strength m, by summing up the effects of repeated gauge 
potential coupling operator insertions. The “full” fermion propagator may thus be dehned 
by the geometric series 


771/ I 

S{x - y\z,m) ^ ^{x - y,z) ^ -/ d‘^yi^{x - yi, z)^{yi - y, z)-\ - (3.17) 

X2 Jt 

or in terms of the recursive relation 

711 I 

S{x - y\z,m) = ^{x - y,z)-\ -/ d‘^yi^{x - yi, z)S{yi - y\z,m). (3.18) 

X 2 Jt 

The /c-cycles Ck (z) are now easily gotten as the k — 1 derivatives with respect to m of the 
propagator S{x — y\z,m) at coincident points S'(0|2;,m), as we shall use below in (3.26). 

Equivalently, we may characterize S{x — y\z^m) by its monodromy and differential 
equation, which follow from the analogous properties of the propagator $(a: — y,z), and 
the dehnitions (3.17) and (3.18), 


S{x + 2u)a\z,'>xi.) — 5'(a:|2, 

DS{x — ylz^m) — 5{x — y) (3.19) 


where we introduce the D and D operators by 


D 


2n 


-da 


m 

T2 


D 


271 


-d. 


m 

'T2 
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(3.20) 



These operators are precisely the Dirac operators on the torus E in the presence of a 
constant gauge potential with strength m for left- and right-movers respectively. 

Now we need C'fc(z), gotten by one closed loop, i.e. by S{0\z,m). Thus it suffices to 
evaluate the determinant, since 

—— log DetDD = -—Tr log D = -Tr.D“^ = —S'fOl^, m) (3.21) 

dm dm T 2 

The eigenvalues of D on the space of functions with monodromy as in (3.19) can be 
determined as usual. They are given by 

\n^n2 ^—{niT - n2 +m +z), ni,n2GZ (3.22) 

r2 


We recall from [23], p. 1002, that the determinant of a Dirac operator D is given by 


DetD = 


?7(r) 


if its eigenvalues are of the form 


Anina = [(^1 + ^ - - (us + ^ - ]^V2)] ■ 

In the present case, vi = 1, ^2 = 1 — 2{m + z)^ and we obtain 

'&i{z -|- mlr) 


DetD = 


?7(r) 


(3.23) 


(3.24) 


(3.25) 


Returning to the /c-cycles C'fc(z), we can write 

d 


= ^S{0\z,m) 

dm 


m=0 


, 9 ., '&i(z -F mlr) 

\(r) 


(3.26) 


m=0 


The desired identity (3.4) follows now from the elliptic fu n ction identity (2.16). The proof 
of the main theorem is complete. 
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